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Abstract
We study a compactiﬁcation of the variety Ud,m, 1<m<d, of plane curves of degree d with
an ordinary singular point of multiplicity m as a unique singularity, given by means of a projective
bundle Xd,m. We show that the boundary Xd,m − Ud,m consists of two irreducible components of
codimension 1:Ad,m, the closure of the variety of curves with two singular points, one of multiplicity
m and another of multiplicity 2, and Bd,m, the closure of the variety of curves with a non-ordinary
singular point of multiplicitym.We determine the relations that express the classes ofAd,m andBd,m
in terms of a basis of the group Pic(Xd,m). From this we describe the Picard group of the variety
Ud,m, obtaining that it is a ﬁnite group of order 3(m− 1)(d−m)[2d2− (m+ 4)d− (m2− 2m− 2)].
© 2004 Elsevier B.V. All rights reserved.
MSC: 14N10; 14C22; 14C17
0. Introduction
This paper is devoted to the study of the enumerative geometry of the varieties Ud,m,
1<m<d, of plane curves f of degree d with an ordinary singular point x of multiplicity
m and no other singularities. Our main goal is to describe the Picard group of the varieties
Ud,m, 1<m<d, which generalizes the case m= 2 studied in Miret–Xambó [8].
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To do so, we consider a compactiﬁcation Xd,m of Ud,m whose points are pairs (f, x)
such that the plane curve f has a point of multiplicity at least m at x, given by means of the
projectivization of a suitable vector bundleEd,m overP2.We have a resolution ofEd,m that
allows us to describe the intersection ring of Xd,m. In particular, we know that the Picard
group Pic(Xd,m) is a rank 2 free group generated by the classes a and  of the closures in
Xd,m of the hypersurfaces of Ud,m whose points (f, x) satisfy, respectively, that x is on a
line and that f goes through a point.
We show that the boundary Xd,m − Ud,m consists of two irreducible components of
codimension 1: the subvarieties Ad,m and Bd,m. The variety Ad,m consists of the pairs
(f, x) ∈ Xd,m such that f has another singular point different from x. The variety Bd,m is
the closure of the subvariety of Xd,m whose points (f, x) satisfy that x is a non-ordinary
singular point of multiplicity m of f. Then we give the relations that express the classes of
Ad,m and Bd,m in terms of a basis of Pic(Xd,m). In order to determine them, two auxiliary
varieties are studied: Yd,m, the blow up of Xd,m along Xd,m+1, and Xd,m,2, a birational
model of the variety Ad,m that we construct by means of a projective bundle. In particular,
we calculate the degree of the variety Ad,m, which coincides in the case m = 2 with the
classical formula due to Roberts [13] and veriﬁed by Vainsencher [15] and Ran [12].
The last part is devoted to determine the structure of the Picard group of the varietyUd,m:
we prove thatPic(Ud,m), 1<m<d, is a ﬁnite group product of two cyclic groups generated
by  and a, whose orders are given.
Finally, notice that, in the case m = 2, the variety Ud,m is the Severi variety Vd,, with
= 1, of plane curves of degree d with exactly  nodes as singularities. The irreducibility
of the varieties Vd, has been studied by Severi [14], Fulton [4], Harris [6] and Ran [9]
and formulas for their degrees have been given by Ran [10,11] and Caporaso–Harris [1].
Furthermore, Diaz and Harris [2] conjectured that Pic(Vd,) is a torsion group, but until
now, as far as we know, the conjecture has been shown in the case = 1 by Miret–Xambó
[8] and for  large enough with respect to d by Edidin [3].
1. Plane curves of degree d with a distinguished multiple point
We will denote by V a vector space of dimension 3 over an algebraically closed ground
ﬁeldk of characteristic 0.The projective space associated toVwill be denoted byP2=P(V ).
Thus, the projective space PN = P(SdV ∗), N = d(d + 3)/2, parameterizes plane curves
of degree d of P(V ). Moreover, we will denote by L the tautological line subbundle of the
rank 3 bundle V |P2 over P2 and by Q the tautological quotient bundle.
1.1. The vector bundle Ed,m
We will denote byEd,m, 1md , the subbundle of SdV ∗ |P2 whose ﬁber over x ∈ P2
is the linear subspace of forms ∈ SdV ∗ that have multiplicity at leastm at x. Given a point
x ∈ P2, and taking projective coordinates x0, x1, x2 so that x=[1, 0, 0]we can express the
elements  of the ﬁber of Ed,m over x as follows:
= xd−m0 m + xd−m−10 m+1 + · · · + x0d−1 + d , (1)
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wherek ∈ SkV ∗,mkd , is a form of degree k in x1 and x2, namely,k ∈ SkQ∗x . Thus,
denoting
Nd,m = [d(d + 3)−m(m+ 1)]/2,
we have rank(Ed,m)=Nd,m + 1.
In the next proposition a resolution of the vector bundle Ed,m over P2 is given (see [8,
Proposition 3]). To do this, consider the maps
 : Sd−m−1V ∗ ⊗ 2Q∗ ⊗ Sm−1Q∗ → Sd−mV ∗ ⊗ SmQ∗,
 : Sd−mV ∗ ⊗ SmQ∗ → SdV ∗,
deﬁned by  ⊗ (12) ⊗ ′ → (1) ⊗ (2′) − (2) ⊗ (1′) and  ⊗  → ,
respectively.
1.1. Proposition. The sequence
0 −→ Sd−m−1V ∗ ⊗ 2Q∗ ⊗ Sm−1Q∗ −→ Sd−mV ∗ ⊗ SmQ∗ −→Ed,m −→ 0,
is an exact sequence of vector bundles over P2.
From this resolution the Chern classes of Ed,m can be computed in terms of the class
a = c1(OP2(1))=−c1(L) ∈ Pic(P2).
1.2. The projective bundle Xd,m
We will denote by Xd,m, 1md , the projective bundle P(Ed,m) over P2. Then, Xd,m
is a non-singular variety of dimensionNd,m+ 2, whose points are pairs (f, x) ∈ PN ×P2,
N = d(d + 3)/2, such that the curve f has a point of multiplicity m at x.
Wewill denotewith the same notation the pullback of a ∈ Pic(P2) toPic(Xd,m) under the
natural projectionXd,m → P2. Since this projection is ﬂat, a is the class of the hypersurface
of Xd,m whose points (f, x) satisfy that x is on a given line. Moreover, we will denote by
 the hyperplane class c1(OXd,m(1)), which coincides with the class of the hypersurface of
Xd,m whose points (f, x) satisfy that f go through a given point. Then we have ([8, Theorem
7 ]):
1.2. Proposition. The intersection ringA∗(Xd,m) is isomorphic to the quotient of the poly-
nomial ring Z[a,] by the ideal
〈
a3, Nd,m−1
( 2∑
i=0
ci(Ed,m)2−i
)〉
.
In particular Pic(Xd,m) is a rank 2 free group generated by a and .
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1.1. Corollary. The following relations hold in A∗(Xd,m):
a2Nd,m = 1,
aNd,m+1 =m(m+ 1)(d −m+ 1)/2,
Nd,m+2 = (m− 1)m(m+ 1)(m+ 2)(d −m+ 1)2/8.
Notice that the third relation tells us that the variety of plane curves of degree d with a
singular point of multiplicity m, 1<m<d, has degree 3(m+24 )(d −m+ 1)2. In particular
when m= 2 we obtain the well-known result degV (d, 1)= 3(d − 1)2.
2. The blow up of Xd,m along Xd,m+1
We will write Fm, m1, to denote the projective bundle P(SmQ∗). Thus, it is clear that
Fm is a projective bundle of dimension m + 2 and the elements of the ﬁber of Fm over
x ∈ P2 are pairs (x, u) such that u is a cone of m lines through the vertex x.
2.1. The vector bundle E′d,m
We will denote by E′d,m, 1m<d, the subbundle of Ed,m|Fm ⊆ SdV ∗|Fm whose ﬁber
over (x, u) ∈ Fm is the linear subspace of forms ∈ SdV ∗which have a point ofmultiplicity
m at x and such that u is the tangent cone of  at x when its multiplicity is m. Given a
point (x, u) ∈ Fm, and taking projective coordinates x0, x1, x2 so that x = [1, 0, 0], we can
express the elements  of the ﬁber of E′d,m over (x, u) as follows
= 	xd−m0 + ′, (2)
where 	 ∈ k, ′ ∈ (Ed,m+1)x and where  ∈ SmQ∗x is a representative of u. Thus,
rank(E′d,m) = 1 + rank(Ed,m+1) = Nd,m+1 + 2 = Nd,m − m + 1. From the deﬁnition of
E′d,m, we know thatEd,m+1|Fm is a subbundle ofE′d,m of corank 1 (its ﬁber over (x, u) ∈ Fm
is determined,with the notations of the expression 2, by the relation	=0).Then,we consider
the inclusions j : Ed,m+1|Fm → E′d,m and i : OFm(−1) → SmQ∗|Fm. On the other
hand, taking into account that (Sd−mV ∗ ⊗ SmQ∗) ⊆ Ed,m, we can consider the map

 : Sd−mV ∗ ⊗ OFm(−1) → Ed,m|Fm
given by the composition of 1⊗ i with . From the deﬁnition ofE′d,m we get that the image
of 
 is contained in E′d,m. Moreover, if we put
ϑ : (Sd−mV ∗ ⊗ OFm(−1))⊕ Ed,m+1|Fm → E′d,m
in order to denote the map given by ϑ(, )= 
()+ j (), we have the following result.
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2.1. Proposition. The sequence
0 −→ Sd−m−2V ∗ ⊗ 2Q∗ ⊗ OFm(−1) −→ Sd−m−1V ∗ ⊗Q∗ ⊗ OFm(−1)
−→
(Sd−mV ∗ ⊗ OFm(−1))⊕ Ed,m+1|Fm ϑ−→E′d,m −→ 0,
where  = ⊗ 1,  = (⊗ 1,−(1⊗ p)) and p : Q∗ ⊗ OFm(−1) → Sm+1Q∗|Fm is the
map induced by the product, is an exact sequence of vectors bundles over Fm.
Proof. From deﬁnition (2) of E′d,m it follows that ϑ is an exhaustive map, and since  is an
injective map (see Proposition 1.1) so is = ⊗ 1. Moreover, from the deﬁnitions of , 
and ϑ, and the fact that = 0, we get = 0 and ϑ= 0. To see that ker() ⊆ Im(), it
is enough to establish this property for the ﬁber map over an arbitrary pair (x, u) ∈ Fm. We
can choose projective coordinates [x0, x1, x2] so that x = [1, 0, 0] and {x2 = 0} is a line of
u, that is to say, u= [x2], where  is an element of the ﬁber of Sm−1Q∗ over x. Then we
can express an element  of the ﬁber of Sd−m−1V ∗ ⊗Q∗ ⊗ OFm(−1) over (x, u) as
= 1 ⊗ x1 ⊗ x2+ 2 ⊗ x2 ⊗ x2,
where 1, 2 ∈ Sd−m−1V ∗. If  ∈ ker() then (x11 + x22) ⊗ x2 = 0. This relation
implies that there exists  ∈ Sd−m−2V ∗ such that 1 = x2 and 2 =−x1. Therefore
= (⊗ (x1 ∧ x2)⊗ x2) ∈ (Sd−m−2V ∗ ⊗ 2Q∗ ⊗ OFm(−1)).
To end the proof it is enough to show that the alternate sum of the ranks of these sequences
is zero, which is a straightforward computation. 
2.1. Corollary. The total Chern class of E′d,m is given by the expression
c(E′d,m)= c(Ed,m+1|Fm) · c(Sd−mL∗ ⊗ OFm(−1)).
Notice that from this resolution it is easy to ﬁnd the Chern classes ofE′d,m in terms of the
basis {a, } of Pic(Fm), where a is the pullback of a ∈ Pic(P2) under the natural projection
Fm → P2 and = c1(OFm(1)) is the hyperplane of Fm.
2.2. The projective bundle Yd,m
We will denote by Yd,m, 1m<d, the projective bundle P(E′d,m). The points of Yd,m
can be written as pairs (f, (x, u)) ∈ PN × Fm, N = d(d + 3)/2, such that the curve f has
a point of multiplicity m at x with tangent cone u when its multiplicity is m. Then, the
dimension of Yd,m is m+ 2+ rank(E′d,m)− 1=Nd,m + 2.
We will denote by ′ the hyperplane class c1(OYd,m(1)) of Yd,m. It is easy to see that ′
coincides, for each y ∈ P2, with the class of the hypersurface of Yd,m of points (f, (x, u)) ∈
Yd,m such that the curve f goes through y. Moreover, it turns out that ′ = c1(OYd,m(1)) =
q∗c1(OXd,m(1))=q∗.Likewise,wewill denote bya and  the pullbacks of the homonymous
classes of Pic(Fm) under the natural projection Fm → P2.
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2.2. Proposition. The intersection ringA∗(Yd,m) is isomorphic to the quotient of the poly-
nomial ring Z[a, ,′] by the ideal
〈
a3, m−1
( 2∑
i=0
ci(S
mQ∗
)
2−i ), ′Nd,m−m−2
( 3∑
i=0
ci(E
′
d,m)
′3−i
)〉
.
In particular Pic(Yd,m) is a rank 3 free group generated by a,  and ′.
Now, we can see that Yd,m is the blow up of Xd,m along Xd,m+1 and the exceptional
divisor is
Td,m = P(Ed,m+1|Fm)=Xd,m+1×P2Fm.
Let q : Yd,m→Xd,m be the restriction of the projection Xd,m×P2Fm → Xd,m to Yd,m
and p : Td,m → Xd,m+1 the projection of Td,m over the ﬁrst factor. The inclusion of vectors
bundles j : Ed,m+1|Fm → E′d,m induces an inclusion j : Td,m → Yd,m so that we have the
following commutative diagram:
Td,m
j−−−−−−→ Yd,m
p

 q
Xd,m+1 −−−−−−→ Xd,m
,
where  : Xd,m+1 → Xd,m is the map induced by the inclusion of vectors bundles
i : Ed,m+1 → Ed,m. Then we have:
2.3. Proposition. The map q : Yd,m → Xd,m is canonically isomorphic to the blow up of
Xd,m along Xd,m+1 and the exceptional divisor is Td,m.
Now, if 1<m<d we consider the projectivization of the vector bundle E′d,m over the
subvariety Sm of Fm consisting of the pairs (x, u) ∈ Fm such that the m lines in u are
not all different. That is to say, Sd,m = Yd,m|Sm = −1(Sm), where  : Yd,m → Fm is the
natural projection. So Sd,m parameterizes pairs (f, (x, u)) such that the curve f has a point of
multiplicity m at x which is non-ordinary with tangent cone u when its multiplicity is m.
Notice that, since Sm is an irreducible subvariety of Fm (the discriminant of a polynomial of
degreemwith generic coefﬁcients is an irreducible polynomial in terms of these coefﬁcients)
and all the ﬁbers −1(x, u), (x, u) ∈ Sm, are irreducible and of the same dimension, the
variety Sd,m is irreducible as well.
The next proposition gives the expression that have the classes

= [Td,m] and = [Sd,m] ∈ Pic(Yd,m)
in terms of the basis {a, ,′} of Pic(Yd,m).
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2.4. Proposition. In Pic(Yd,m), 1<m<d, hold the following relations:

= ′ + (d −m)a − ,
=−m(m− 1)a + 2(m− 1).
Proof. Since 
 is the class of Td,m = P(Ed,m+1|Fm), from [7] it turns out that

= ′ + c1(E′d,m/(Ed,m+1|Fm))= ′ + c1(Sd−mL∗ ⊗ OFm(−1))
= ′ + (d −m)a − .
On the other hand, the expression of [Sm] in terms of the basis {a, } of Pic(Fm) is
−m(m − 1)a + 2(m − 1). Then, since  = ∗[Sm] and  : Yd,m → Fm is a ﬂat mor-
phism, we deduce the expression of . 
3. Plane curves of degree d with two distinguished multiple points
We will denote by G the variety F1×P2∗F1 whose points parametrize triples (x, y, l) ∈
P2 × P2 × P2∗ such that x, y ∈ l. Let Ed,m,0 denote the pullback to G of the vector
bundleEd,m overP2 under the natural projection a : G→ P2 which assigns to each triple
(x, y, l) the pair (x, l). Moreover, we will denote byL the pullback of O
P2
∗(−1) over G
under the natural projection  : G→ P2∗.
3.1. The vector bundle Ed,m,1
We will denote by Ed,m,1 the subbundle of Ed,m,0 whose ﬁber over (x, y, l) ∈ G is the
linear subspace of forms  ∈ SdV ∗ which have a point of multiplicity m at x and vanish
at y (when x = y and its multiplicity is m, l is a line of the tangent cone of  at x). Notice
that rank(Ed,m,1)= rank(Ed,m,0)− 1=Nd,m.
Now, we are going to determine the quotient between Ed,m,1 and Ed,m,0 in order to
compute the Chern classes of Ed,m,1. To do so, we consider the projection of vector
bundles
Sd−mV ∗ ⊗ Sma Q∗
−→ Sd−m
(
V ∗|G
SbQ∗
)
⊗ S
m
a Q
∗
L⊗ Sm−1a Q∗
,
where Sma Q∗ and Smb Q∗ denote the pullback of SmQ∗ over G under the natural
projections a : G → P2 and b : G → P2. Therefore, is easy to see that there ex-
ists a morphism Ed,m,0
→ Sd−m
(
V ∗|G
SbQ
∗
)
⊗ Sma Q∗
L⊗Sm−1a Q∗ , which makes the next diagram
50 J.M. Miret, M. Valls / Journal of Pure and Applied Algebra 197 (2005) 43–57
commutative
where  : Sd−mV ∗ ⊗ Sma Q∗ → Ed,m,0 is the pullback of the morphism  : Sd−mV ∗ ⊗
SmQ∗ → Ed,m toG under the projection a : G→ P2.
3.1. Proposition. The sequence
0 −→ Ed,m,1 i−→Ed,m,0 −→ Sd−m
(
V ∗|G
SbQ∗
)
⊗ S
m
a Q
∗
L⊗ Sm−1a Q∗
−→ 0,
where i : Ed,m,1 → Ed,m,0 is the natural inclusion map, is an exact sequence of vector
bundles overG.
Proof. Since  is a surjective map it follows that  is also a surjective map. On the other
hand, the elements of Ed,m,1 are images under  : Sd−mV ∗ ⊗ Sma Q∗ → Ed,m,0 of forms
of ((Sd−m−1V ∗ ⊗SbQ∗)⊗Sma Q∗)⊕ (Sd−mV ∗ ⊗(L⊗Sm−1a Q∗)), from which we get
(Ed,m,1)= 0. 
3.1. Corollary. The total Chern class of Ed,m,1 is given by the expression
c(Ed,m,1)= c(Ed,m|Fm) · (1−ma + (d −m)b +m)−1.
Proof. It follows from the Proposition 3.1, taking into account that the Chern class of the
vector bundle Sd−m
(
V ∗|G
SbQ
∗
)
⊗ Sma Q∗
L⊗Sm−1a Q∗ is 1−ma + (d −m)b +m. 
3.2. The vector bundle Ed,m,2
We will denote by Ed,m,2 the subbundle of Ed,m,1 whose ﬁber over (x, y, l) ∈ G is the
linear subspace of forms  ∈ SdV ∗ which have a point of multiplicity m at x and a point
of multiplicity 2 at y. Notice that when x = y, taking projective coordinates x0, x1, x2 so
that x = [1, 0, 0] and l = {x1 = 0}, the elements  of the ﬁber of Ed,m,2 over (x, x, l) can
be expressed as follows:
= xd−m0 m + xd−m−10 m+1 + · · · + x0d−1 + d , k ∈ SkQ∗x, (3)
where m = x21′m−2 and m−1 = x1′′m−2, being ′m−2,′′m−2 ∈ Sm−2Q∗. Thus
rank(Ed,m,2)= rank(Ed,m,1)− 2=Nd,m − 2.
Now we give a resolution of Ed,m,2, from which we will calculate the total Chern class.
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3.2. Proposition. The sequence
0 −→L⊗ SbQ∗ ⊗L⊗ Ed−3,m−1,0 1−→
(L⊗ SbQ∗ ⊗ Ed−2,m,0)⊕ (S2bQ∗ ⊗L⊗ Ed−3,m−1,0)
2−→
(L⊗ Ed−1,m−1,1)⊕ (S2bQ∗ ⊗ Ed−2,m,0)
3−→Ed,m,2 −→ 0,
where
1 =
(
1⊗ 1⊗ p
ib ⊗ 1⊗ 1
)
, 2 =
(−1⊗  (1⊗ )(
⊗ 1)
ib ⊗ 1 −1⊗ p
)
and 3 = (p,),
is an exact sequence of vector bundles overG.
Proof. It is clear that 1 is an injective map and 3 is a surjective map. On the other hand
we have Im(1) ⊆ ker(2) and Im(2) ⊆ ker(3). In order to see ker(2) ⊆ Im(1), we
can consider a form  ∈ ker(2) over a point (x, y, l) ∈ G, with x = y. The case x = y
can be studied in a similar way. We can take projective coordinates so that x = [1, 0, 0],
y = [0, 1, 0] and l = {x2 = 0}. An element
 ∈ (L⊗ SbQ∗ ⊗ Ed−2,m,0)⊕ (S2bQ∗ ⊗L⊗ Ed−3,m−1,0)
can be expressed as
= (x2 ⊗ x0 ⊗ ′0 + x2 ⊗ x2 ⊗ ′1,
x20 ⊗ x2 ⊗ 0 + x0x2 ⊗ x2 ⊗ 1 + x22 ⊗ x2 ⊗ 2),
where ′0,′1 ∈ Ed−2,m,0 and 0,1,2 ∈ Ed−3,m−1,0. The relation 2() = 0 is
equivalent to the relations ′0 = x21, ′1 = x22 and 0 = 0, from which we get
 = 1(x2 ⊗ x0 ⊗ x2 ⊗ 1, x2 ⊗ x0 ⊗ x2 ⊗ 2) and, therefore, Im(1) = ker(2).
Finally, since the alternate sum of ranks of the vector bundles of the sequence is zero, it
follows that the sequence is exact. 
3.2. Corollary. The total Chern class of Ed,m,2 is given by the expression:
c(Ed,m,2)= c(L⊗ Ed−1,m−1,1)
· c
(
Sma Q
∗
L⊗ Sm−1a Q∗
⊗ S
2
bQ
∗
L⊗ SbQ∗ ⊗
Sd−m−2V ∗
L⊗ Sd−m−3V ∗
)
.
From this result we can compute the Chern classes ofEd,m,2 in terms of the basis {a, b, }
of Pic(G), where a and b are the pullbacks of the class a ∈ Pic(P2) under the natural
projections a and b, respectively, and where  is the pullback of the class c1(OP2∗(1))
under .
3.3. The projective bundle Xd,m,2
Wewill denote byXd,m,2 the projective bundleP(Ed,m,2). Then,Xd,m,2 is a non-singular
variety of dimension Nd,m + 1 whose points are pairs (f, (x, y, l)) such that x and y are
two points of the curve f with multiplicities m and 2, respectively.
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We will denote with the same notations the pullback to Pic(Xd,m,2) under the natural
projection Xd,m → G of the classes a, b and  in Pic(G). Since this projection is ﬂat, a
and b are the classes of the hypersurface of Xd,m,2 whose points (f, (x, y, l)) satisfy that
x, respectively y, is on a given line. Moreover, we will denote by  the hyperplane class
c1(OXd,m,2(1)), which coincides with the class of the hypersurface of Xd,m,2 whose points
(f, (x, y, l)) satisfy that f go through a given point. Then we have
3.3. Proposition. The intersection ring A∗(Xd,m,2) is isomorphic to the quotient of the
polynomial ring Z[a, b, ,] by the ideal〈
a3, a2 − a+ 2, b2 − b+ 2, Nd,m−6
( 4∑
i=0
ci(Ed,m,2)4−i
)〉
.
In particular Pic(Xd,m,2) is a rank 4 free group generated by a, b,  and .
3.3. Corollary. In A∗(Xd,m,2), the following relations hold:
a2Nd,m−4 = 3d2 − 6d − 3m2 + 2m+ 4,
aNd,m−3 = 12 [3m(m+ 1)d3 − 3m(m+ 1)2d2 − (3m4 − 5m3 − 2m− 2)d
+m(3m4 −m2 + 2m− 2)],
Nd,m−2 = m
8
(m+ 1)(d −m+ 1)[3(m− 1)(m+ 2)d3
− 3(m3 + 2m2 −m− 2)d2 − (3m4 − 5m3 + 10m− 8)d
+ 3m5 − 2m4 −m3 + 12m2 − 4m− 8].
Proof. From the projection formula (see [5, Theorem 3.2.c]) we have∫
Xd,m,2
aibj hr =
∫
G
aibj hse(Ed,m,2),
where i+ j +h4, r =Nd,m− 2− i− j −h and e= 4− i− j −h. Then the intersection
numbers ofXd,m,2 can be obtained from the Segre classes of Ed,m,2, which we can deduce
from the expression given in the Corollary 3.2. 
Notice that, considering the natural projectionXd,m,2 → PN ,N = d(d + 3)/2, the third
relation of this corollary gives us the degree of the variety of plane curves of degree d with
a node and a singular point of multiplicity m, 2<m<d. In case m = 2, the projection
Xd,2,2 → PN induces a morphism of degree 2 between an open set ofXd,2,2 and the Severi
variety Vd,2 of plane curves of degree d with exactly 2 nodes as singularities. Hence, we
obtain the classical result
degV (d, 2)= 1
2
∫
Xd,2,2
Nd,2−2 = 3
2
(d − 1)(d − 2)(3d2 − 3d − 11)
due to Roberts [13], which has been justiﬁed by Vainsencher [15] and Ran [10,12].
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4. Degenerations of Xd,m
The variety Xd,m, 1<m<d, contains the open set X0d,m which parameterizes pairs
(f, x) such that the curve f has an ordinary singular point of multiplicity m at x as a
unique singularity. Notice that X0d,m is isomorphic to the variety Ud,m of plane curves
of degree d with an ordinary singular point of multiplicity m and no other singularities.
Therefore, from now on X0d,m and Ud,m will be identify. So in this section we study the
boundaryXd,m−Ud,m and we prove that it consists of two codimension 1 irreducible com-
ponents, called degenerations of ﬁrst order of Xd,m. To see this we introduce the following
varieties:
• Ad,m, the image of the variety Xd,m,2 by the natural projection p : Xd,m,2 → Xd,m
that assigns (f, (x, y, l)) → (f, x); therefore Ad,m is the closure of the set consisting
of pairs (f, x) ∈ Xd,m such that f has a point of multiplicity m at x and another different
point (non-distinguished) of multiplicity 2. Hence, sinceAd,m is birationally isomorphic
to Xd,m,2, it turns out that Ad,m is an irreducible variety of Xd,m of codimension 1.
• Bd,m, the image of the variety Sd,m ⊆ Yd,m by the natural projection q : Yd,m → Xd,m
that assigns (f, (x, u)) → (f, u), where Sd,m = Yd,m|Sm and Sm is the irreducible
subvariety of Fm consisting of the pairs (x, u) ∈ Fm such that the m lines in u are not
all different; therefore Bd,m is the closure of the subvariety of Xd,m consisting of pairs
(f, x) ∈ Xd,m such that x is a non-ordinary singular point of fofmultiplicitym.Moreover,
since q induces a birational isomorphism between Sd,m and Bd,m, the irreducibility of
Sd,m yields that Bd,m is an irreducible variety of Xd,m which has codimension 1.
4.1. Proposition. The varietyXd,m is a compactiﬁcation of the varietyUd,m and the bound-
ary Xd,m − Ud,m consists of two codimension 1 irreducible components. More precisely,
Xd,m − Ud,m = Ad,m ∪ Bd,m.
Proof. It is clear thatXd,m−Ud,m contains the varietiesAd,m andBd,m. On the other hand,
there is no other component of Xd,m − Ud,m. Indeed, the variety Xd,m+1 of pairs (f, x)
such that the curve f has a point of multiplicity at leastm+ 1 at x is a subvariety of Bd,m of
codimension m. 
Now, we can determine the expression of the classes  = [Ad,m] and  = [Bd,m] of
Pic(Xd,m) in terms of the basis {a,} of Pic(Xd,m).
4.2. Proposition. In Pic(Xd,m), 1<m<d, the following relation holds:
= [3(d − 1)2 − (m− 1)(3m+ 1)]+ (m− 1)[(3m+ 1)d − 3m(m+ 1)]a.
Proof. By Corollary 1.1 there exist integers r, s such that = r+ sa. If we multiply this
relation by a2k , k = Nd,m − 1, we get, from 1.1, r = a2k. Since the natural projection
p : Xd,m,2 → Xd,m induces a birational isomorphism between Xd,m,2 and Ad,m it turns
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out that = p∗(1). Therefore, from the projection formula and Corollary 3.3, we have
r = a2k = p∗(1)a2k = p∗(p∗(a2k))= 3(d − 1)2 − (m− 1)(3m+ 1).
Now multiplying  by ak+1, the value of s is obtained. 
4.3. Proposition. In Pic(Xd,m), 1<m<d, the following relation holds:
= 2(m− 1)+ (m− 1)(2d − 3m)a.
Proof. By adding the ﬁrst relation of Proposition 2.4 to the second one multiplied by
2(m−1)weobtain the relation+2(m−1)
=2(m−1)′+(m−1)(2d−3m)a ofPic(Yd,m),
where =[Sd,m] and 
=[Td,m]. On the other hand, since the multiplicity of Bd,m ⊆ Xd,m
along Xd,m+1 is 2(m− 1), the relation q∗= + 2(m− 1)
 holds in Pic(Yd,m), where q :
Yd,m → Xd,m is the blow up ofXd,m alongXd,m+1 with exceptional divisor Td,m. Then the
former relation ofPic(Yd,m) can be expressed as q∗(−2(m−1)−(m−1)(2d−3m)a)=0,
from which the relation in Pic(Xd,m) follows. 
5. The Picard group of the variety Ud,m
Now, using the same techniques as in [8], we can describe the Picard group of the
varietyUd,m from the Picard group of the compactiﬁcationXd,m and from the degeneration
relations.
5.1. Lemma. In Pic(Xd,m), 1<m<d, the following relations hold
D′= [(3m+ 1)d − 3m(m+ 1)]+ (2d − 3m),
Da = [3(d − 1)2 − (m− 1)(3m+ 1)]− 2(m− 1),
where D′ = 3(d −m)[2d2 − (m+ 4)d − (m2 − 2m− 2)] and D = (m− 1)D′.
Proof. They are directly deduced applying Cramer’s rule to the linear system obtained by
the relations given in Propositions 4.2 and 4.3. 
5.1. Theorem. Let m and d be integers such that 1<m<d, and let set
D = 3(m− 1)(d −m)[2d2 − (m+ 4)d − (m2 − 2m− 2)],
k =mcd(3(d − 1)2 − (m− 1)(3m+ 1), 2(m− 1)),
h=D/k,
then the group Pic(Ud,m) has order D and it is an extension of a cyclic group of order h by
a cyclic group of order k.
Proof. First, notice that k is a divisor of 2(m − 1) and m − 1 divides D, hence it is easy
to see that k divides D. Now, let r be the order of a. From the second relation in Lemma
5.1 we have D = rs, where s is an integer. Therefore, there are integers p, q coprimes such
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that ra = p + q. So, Da = sra = sp + sq, and taking into account that  and  are
linearly independents over Z, we get sp=3(d−1)2− (m−1)(3m+1) and sq=2(1−m).
Since gcd (, 2(m− 1))= k, where = 3(d − 1)2 − (m− 1)(3m+ 1), it turns out s = k,
r = D/k = h and, consequently, the order of a is h. On the other hand, the relations of
Propositions 4.3 and 4.2 can be written in Pic(Ud,m) as
2(m− 1)= (1−m)(2d − 3m)a,
= (m− 1)[(3m+ 1)d − 3m(m+ 1)]a.
Since gcd (, 2(m − 1)) = k, there are integers u and v such that u + 2(m − 1)v = k,
from which, together with the previous relations, we obtain k ∈ 〈a〉. Therefore, if k = 1,
Pic(Ud,m) is a cyclic group generated by a. In case k > 1, it is easy to see that n /∈ 〈a〉 if
n<k. Then, there exists an exact sequence
0 → 〈a〉 → Pic(Ud,m) → 〈〉 → 1,
where  is the class of  ∈ Pic(Ud,m) modulo the subgroup generated by a, from which it
follows that Pic(Ud,m) is an extension of the cyclic group of order h generated by a and the
cyclic group of order k generated by . 
5.2. Lemma. The equation 2d2 − (m+ 4)d − (m2 − 2m− 2)= 0 does not have integer
solutions in d and m with 1<m<d.
Proof. Notice that the discriminant of this quadratic equation in d is m(9m − 8), which
cannot be a perfect square. Indeed, m(9m− 8)= 22im′(9m′ − 23−i ), where gcd (m, 9m−
8) = 2i , i = 0, . . . , 3, and m = 2im′. If m′(9m′ − 23−i ) were a perfect square, we would
have m′ = s2 and 9s2 − 23−i = t2, being s, t positive integers. But (3s + t)(3s − t)= 23−i
only admits the solutions s = 1, t = 1, from which i = 0 and m=m′ = 1, in contradiction
with the hypothesis m> 1. 
5.1. Corollary. If md is even, then
Pic(Ud,m)=
{
Z/hZ, if k = 1,
Z/kZ× Z/hZ, if k > 1.
If md is odd, with r = v2(m− 1) and s = v2(d − 1), then
Pic(Ud,m)=
{
Z/kZ× Z/hZ, if r > 2s − 1,
Z/k′Z× Z/2hZ, if r2s − 1,
where k′ = k/2 and v2 denotes the 2-adic valuation.
Proof. Since the determinantD of the matrixMwhich express  and  in terms of the basis
{a,} of Pic(Xd,m) is non-zero (according to 5.2), it turns out that in the exact sequence
[5, Proposition 1.8]
A0( ∪ ) → Pic(Xd,m) → Pic(Ud,m) → 0,
the ﬁrst homomorphism is injective. We can consider now the greatest common divisor d1
of the coefﬁcients of the matrix M and the quotient d2 of D by d1. Then, if d1 = 1 the
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elemental divisors of the group Pic(Ud,m) (see [16], Chapter 12, Section 2) are d1 and d2,
while in case d1= 1 the unique elemental divisor of the group is d2. From Propositions 4.2
and 4.3 it follows that
d1 = gcd (k, (1−m)[(3m+ 1)d − 3m(m+ 1)], (m− 1)(2d − 3m)).
Ifm and d have different parity, then 3(d−1)2− (m−1)(3m+1) is odd. From this it turns
out that k dividesm−1 and, so, d1=k. Ifm and d are even, then 3(d−1)2−(m−1)(3m+1)
is even andm− 1 is odd. Therefore, k= 2k′, where k′ is a divisor ofm− 1, and once again
d1 = k. If md is odd, taking m = 1 + 2rm′ and d = 1 + 2sd ′, where r = v2(m − 1) and
s = v2(d − 1), it follows that
k = gcd (2(m− 1), 3(d − 1)2)= gcd (2r+1m′, 3 · 22sd ′2).
Therefore 4 | k and, moreover, k | (m− 1) if and only if r > 2s− 1. So, if r > 2s− 1 it turns
out that d1=k. If r2s−1 we get that k=2r+1gcd (m′, 3d ′2)=2k′,where k′ is a divisor
ofm− 1. Consequently, since 2d − 3m and (3m+ 1)d − 3m(m+ 1) are odd, we have that
d1 = k′. Finally, if d1 = 1, it is clear that md is even, in which case d1 = k, and hence the
group Pic(Ud,m) is cyclic if and only if k = 1. 
Notice, in casem=2, the possible values of k=gcd (3(d−1)2−7, 2) are 1 or 2 whether
d is odd or even, respectively. Therefore, the Picard group of the variety Ud,2, d > 2, of
curves of degree d with a node as a unique singularity is
Pic(Ud,2)=
{
Z/(6(d − 2)(d2 − 3d + 1)), if d is odd,
Z/2× Z/(3(d − 2)(d2 − 3d + 1)), if d is even.
This result was given inMiret–Xambó [8] and it shows the case of a node of the conjecture
ofDiaz–Harris [2]which says that the Picard group of the Severi variety of irreducible curves
of degree d with exactly  nodes as singularities is a torsion group.
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